Introduction to Trigonometry

sin O.tan 6. (1+cot0)

65. If V3 sin 0 is = cos 0, find the value of :
sinB+cosO

. sin 6 1
= = —,
v3sin 6 = cos 0 - perkaby

—tan 0 = \/% ....... (6))]

in®6

sin 6 .tan 6 .(1+cot0) (S:oﬁ tan 6 .(1+cot6)

Now we have: sin® coso

sin 0+cos 6 >5ino |, cosv
cosO cosO

(Dividing numerator and denominator by cos 0)

11
_tan@tanf.(1+cotf) 73 X'Tg(1+‘/§) 1-'-3—@ _(1+V3)xv3

2015/2016 (1 Mark)

tan 6+1 1 T1HV3 T 3(1+/3)

7 = (1+y/3)
3 1
T3 43

sin20—cos?0

1

12
66. If sin O = ’EY 0°< 0 <90°, find the value of

sin 0 = % .

So, if AB = 12x and AC =13x.
Then, BC2=AC?-AB2
=(13x)* - (12x)

= 160x2 — 144x2 = 25x2

- X .
2sinB.cos® tanZ@

2015/2016 (3 Mark)

13x

BC =v25x2 =5x -
So. the value of sin20—cos?20 1
o, the value o .
’ 2sinO. cos®  tanZ0
(12x)2_( 5x )2 (144_ 25 )
_\13x 13x) 1 169 169) 25
2x Xy X 12x)2" 5 5 1252 " 144
13x° 13X =x 13713
119 169 25 119x5 595

169  2x12X5 144 24x144 3456
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67. If 3 tan A = 4, then prove that:

@ secA —cosecA 1 (i) 1-sinA 1
1 —_— (11 = —
sec A +cosecA 7 1+cosA 2V2

2015/2016 (4 Mark)

4
3tanA=4—>tanA=§.

So, if BC = 4%, then AB=3x.
Hence, AC2=AB2+ BC2 C
=(3%)2 + (4x)2 = 9x2 + 16X2 = 25x2

- AC =+v25x2 =5x.
AC 5x 5 Ax
So, we have: secA=—=—=—,
AB 3x 3
AC 5x 5
coseCA=—=—=—,
BC 4x 4
B
) BC 4x 4 A
SinNA=—=—=-, 3x
AC 5x 5
A AB 3x 3
COSA=—=—=-,
AC 5x 5

Thus, we have:

(DL.H.S sec A—cosecA
VS = | sec AtcosecA
. 1-sinA 1-

(i)L.H.S = =
1+cosA 1+

68. If cos O =§, find the value of (

_|@o-15)x12 i—i—RHS
T4l 12(20+15) 35 V7
B (5—4)><5_ l—L—RHS
T4l 5(5+3) /8 2v2 T

5 cosec 6—4tan 9)
secO+cot O

+

wluw]|un
ol | n

| wlu | »

[4) ]

2015/2016 [4 marks]

3
cos O =-.
5
So, if BC = 3x, then AC = 5x.
A
Hence, AB2= AC2- BC2
=(5x)%- (3x)2 = 16x2
- AB = V16x? = 4x.
AC 5x 5
So, we have: cosecO=—=—=—
AB 4x 4
AC 5x 5
secl=—=—=- 0
BC 3x 3 \ B
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tan@=—=—=-
BC 3x 3
BC 3x 3
cotf=—=—=-
AB 4x 4

5 5 4 4 25 16 75—64

5 cosec O—4tan6 X275 773 12

Now, = 5 3 = 5 3 = 2049

secB+cotb 4= —=
3 4 3 4 12

11 12 11
—_—X—=—
12 29 29

69.Ifcos (A +B) = % = sin (A — B), then find A and B, when it is given that A+B and

A — B are acute angles.

1
cos(A+B)=E—> A+B=60°

1
sin (A — B) = - A-B =30°

Adding eqns. (1) and (2),

90°
- =45".

2A=90° 5> A=

Putting A = 45° in eqn. (1) , we get

45°+B=60° > B=60°-45" =15".

2014/2015/2016 [4 marks]

70. Find the value of tan (65°- 0) — cot (25°+ 0).

2014/2015/2016 [1 mark]

tan (65°- 0) — cot (25+0)
=tan (65° - 0) — cot [90°-(65°-0)]
=tan (65° - 6) — tan (65°- 0) = 0.

1 cos36° 3 seclé’

71. Find the value ofgx

—X .
sin54° 2 cosec74°

2014/2015/2016 [1 mark]

1 cos36° 3 sec(16°)

3 "sin54° 2" cosec 74°

cos(90°-54°) 3
sin 54° 2

% sec(90°-74°)
cosec 74°

sin54° 3

cosec 74° 1 3
— ==-X1-—X1.
cosec 74° 3 2
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72. If A+ B = 90°, then prove that:

tanAtanB+tanAcotB  sin2B
sinAsecB cos?A
2011/2012/2013/2014/2015/2016 [1 mark]
Given A + B=90 °,B=90° - A

tan B = tan (90° - A) = cot A,

cot B=cot(90° -A) =tan A,
sin B = sin (90° - A) = cos A,

sec B =sec (90° - A) = cosec A,

tan A .cotA+tan A.tanA  cosZA
LH.S= -
sin A .cosec A COS2A

1+tanZA 1
= [———1 [cotA = ——andsin A =
1 tanA

]

cosecA

=+Vtan?A=tan A=R.H.S Hence proved.

73. Evaluate: (sin215°+ sin2 75°) +v/3(tan 13°. tan 60°.tan 27°.cot 20°.cot 70°.tan
77°.tan 63°)

2015/2016[2 mark]

We have:
(sin2 15° +sin275°) + /3 (tan 13°. tan 60°. tan 27°.cot 20°.cot 70°.tan 77°.tan 63°)

= (sin2 15° +cos2 15°) + /3 (tan 13°.tan 60°.tan 277°.tan 70°.cot 70°. cot 13°.cot 27°)

(1) + /3 (tan 13°. cot 13°.tan 60°.tan 27°.cot 27°.tan 70°.cot 70°) [cot (90° - 6 = tan 0]

1+vV3 (1 xV3x1x1)=1+3 =4. [ sin29+c0529=1.00t9=$]

3tan25°tan 40° tan 50°tan65°—% tan? 60°

. Evaluate:
74 4(c0s229°+¢c052%261°)

2014/2015/2016[3 marks]

3tan 25°tan 40° tan 50° tan 65° — %tan2 60°
4 (c0s?29° + c0s261°)

3tan 25°tan 65° tan 40° tan 50°—%tan260°
B 4 (c0s2%29°+c0s261°)
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3 tan 25°xtan(90°-25°) tan 40° tan(90°—40°)—%tan260°
B 4 (C0S229°+C0S2(90°—29°)

2
3 tan 25°Xcot25° tan 40° cot 40°—%>< (V3)
B 4(c0s229°+sin229°)

3 3
3 X1 Xl_E_ 3—5_ 6-3 3

4 x1 4  2x4 8

1 1 1

1
. Sh hat: — =
75 Show that secO—-tanb cos@ cos@ secf+tan @

2013/2015/2016[3 marks]

We h 1 1 1 1
e have: — = —
secO—tan0 cos© cos© secO+tand

1 1 1 1 2

+ = =
sec 6—tan6 secH +tan6 cos 0 cosO cos©

1
sec6—tan® secO+tand

Now, L.H.S=

__ secB+tanO+secB—tan6
B (secO—tanB)(secH+tanb)

2 secO 2 secH 0
= = = 2 .
sec20-tanZ0 1 sec
1 2
=2 X = =R.H.S

cos 0 cos 0

76. Prove that (sin 0 + cosec 0)2 + (cos 0 + sec 0)2 = 7 + tan20 +cot20
2010/2011/2012/ 2013/2016[3 marks]
LHS = sin2 6 + cosec? § + 2 sin 0 cosec 0 + cos20 + sec2 0 + 2 cos O sec O
= sin20 + cos2 O + cosec2 O + sec20 +4
=1+1+cot20 + tan20 + 4

=7+ cot20 + tan20 = RHS. Hence, proved.

1-cosf
77. Prove that (cosec 0 - cot 0)2 = ———
1+ cosf

2010/2011/2012/ 2013/2015/2016[3 marks]

LHS = (cosec 8 — cot)2

( 1 0050)2_ (1—0056)2
"~ \sin6 sing/) sin @

_ (1—cosB)? _ (1—cosH)?

T sin20  1-cos26

_ (1—co0s6)? _ 1-cos@
- (1—cosB)(1+cos0) " 1+cos6

=RHS. Hence, proved.
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78. If m sin O + n cos 6 = p and m cos 6 — n sin O = q, then prove that m2 + n2 = p2+qz2.
2010/2011/2012/ 2013/2015/2016[3 marks]
We have: RHS = p2+@2
=(m sin O + n cos 6)2 + (m cos 6 — n sin 6)2
=(m?2 sin2 0 + n2 cos2 6 +2mn sin 0 cos 6) +(m2 cos2 0 + n2 sin2 6 — 2mn sin 6 cos 0)
=m? (sin2 0 + cos20) + n2(sin? 0 + cos20)

= m? + n? =LHS. Hence, proved.

79. If m = cos A — sin A and n = cos A + sin A, then show that

m n 4sinAcosA _ 4

n m  cos2A—sin?A  cotA—tan A

2014/2015/2016[4 marks]

n m?-n?

m
Wehave: — — — =
n m mn

(cosA—sinA)?—(cosA+sinA)?
B (cosA—sinA)(cosA+sinA)

_ (cos?A+sin?A-2sinAcosA)—(cos?A+sin®A+2sinAcosA)
h cosZA—sin2A

—4sinAcosA d
= ————  , proved.
cos2A—sin2A P
4sinAcosA
Now. — 4sinAcosA 3 sinAcosA
> cos2A-sin2A  cosZA sin2A
sinAcosA sinAcosA
—4

COSA_SinA ™ chtA—tanA
sinA cosA

= RHS. Hence, proved.

, , x+y\?  (x+y\?
80. If x =tan A + sin A and y =tan A -sin A, prove that: ; 5 )= 1.

2014/2015/2016[4 marks]

2 2
X+ X+
ws =(32) - ()
X-y 2
(tanA+sinA+tanA—sinA) 2 (tanA+sinA+tanA—sinA) 2
~ \tanA+sinA—tanA+sinA 2

2tanA 2 2tanA 2 sinA 2
= - - =|—] -tan2A.
2sinA 2 COosAsinA

=sec? A —tan®A =1+ tan2 A - tan2 A = 1 = RHS. Hence, proved.
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cosec A—cotAicosec A+cotA

1+cos2A
81. Prove that: .

=2(2cosec2A—1) = 2(—
( ) 1—-cos?A

cosec A+cotA ' cosec A—cotA
2014/2015/2016[4 marks]

cosecA—cotA cosecA+cotA

LHS =
cosecA+cotA cosecA—cotA

_ (cosecA—cotA)?+(cosecA+cotA)?
(cosecA—cotA)(cosecA+cotA)

_ cosec?A+cot?A—2cosecA cotA+cosec?A+cot?A+2cosecAcotA

cosecZA—cotZA

__ 2cosec?A+2cot’?A __ 2cosec?A+2(cosec?A-1)
1+cot2A—cot?A 1

4cosec’A-2
= — - 2(2cosec?A — 1). Hence, proved.

Now, 2(2cosec2 A — 1)

=2 {si:ZA B 1}

2—sin2A 1+1-sin%A 1+cos2A
=2y ————(=2 =2 . Hence, proved.
sinZA 1-cos2A 1—cos2A

cot A+cosec A—-1 _1+cosA
cot A—cosec A+1 B SinA

82. Prove that:

2011/2012/ 2013/2015/2016[4 marks]

cotA+cosecA—(cosec?A—cot?A)_
[ cosec2 A — cot2 A = 1]
cotA—cosecA+1

LHS =

_ (cotA+cosecA)—(cosecA+cotA)(cosecA—cotA)
B cotA—cosecA+1

_ (cotA+cosecA)(1—cosecA+cotA)
B (cotA—cosecA+1)

= cot A + cosec A

cosA+ 1 _CosA+1
" sinA sinA  sinA

=RHS. Hence, proved.

83. Iftan 6 + sin 6 = m and tan 6 — sin 6 = n, show that m2 — n2 = 4v/mn.

2010/2011/ 2013/2015/2016[4 marks]
We have:
LHS=m2-n2=(m+n)(m-n)

=2tanB.2sinB=4tan Osin O

RHS = 4vmn= 4\/(tan 0 + sin 6)(tan 6 — sin 6)

= 4Vtan20 — sin20 =4 Sin*® _ in2e

cos20
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. ’ 1 . 1—-cos?0
—4sm9 ﬁ—1—4sm6 0570
. sin26 .
=4sin 0 /cosze =4sinBtan O

LHS = RHS -» m2 - n2 = 4Vmn.

a? b2
84. If x=asin O and y = b tan 0, then prove thatx—2 - F =1
2012/ 2013/2015/2016[4 marks]

a? b2 a2 b?

x2  y2  a2sin?0 b2Ztan26

85. Prove that:

sec6—-1 secO+1
+ = 2cosec 0.
secH+1 sec6-1

2010/2011/ 2012/ 2013/2016[4 marks]

secH-1 secO6+1
LHS = +
secO+1 secH-—1

_ \/(sece—l) % (secb-1) + \/sec6+1 % (secb-1)

(secb6+1) (secb-1) sec6-1  (secB+1)

(sec9—1)2+ (secO+1)2  secBb-1 + secf+1
sec?0-1 sec20-1  +Vsec28—1  Vsec?0-1

_ (sec6-1)+(secB+1)

B Vsec26-1

2 secO _ 2 secO _ 2 % cosO
VtanZ®  tan®  cos® = sin®

2
sin 6

= 2cosec O = RHS. Hence, proved.
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